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In this paper, we define the two-photon absorption strength, a new characterization tool, similar to
the oscillator strength, but for two-photon absorption. It allows the quantification of the two-photon
absorption properties of molecular systems which are one-photon transparent. Its definition is such
that the corresponding numerical values are around 100 for small molecules. We also show that this
new theoretical tool allows the direct comparison of experimental and theoretical data without
requiring the introduction of any arbitrary band width. As an example, the experimental and
theoretical !AM1+CNDO/S and HF+CIS/3-21G" two-photon absorption properties of the
2 ,2!-bi!9,9-dihexylfluorene" molecule are compared. © 2006 American Institute of Physics.
#DOI: 10.1063/1.2198530$

I. INTRODUCTION

Two-photon absorption phenomena were first predicted
by Göppert-Mayer in 19311 and later observed by Kaiser and
Garrett in 1961.2 These phenomena are now of great interest
for new technologies3,4 and have given rise to several
applications.5–9 Many experimental researches are then cur-
rently dedicated to this topic.10–14 As a consequence of the
success of these investigations, theoretical analysis have also
been developed around two-photon absorption.15–19 Their
purposes are the understanding of the behavior of these ma-
terials and the prediction of the behavior of materials not yet
synthesized. In both cases, comparisons between experimen-
tal and theoretical data have to be performed. Such confron-
tations are not intuitive because they involve, on one hand,
macroscopic experimental absorption spectra which are spec-
trally continuous and, on the other hand, microscopic theo-
retical absorption spectra which are spectrally discrete. This
is particularly true in the case of condensed phase
materials.20 For molecular species, the usual practice consists
in associating an arbitrary width to each eigenstate of the
microscopic theoretical quantum system, assuming that it
represents the experimentally observed enlargement of each
absorption ray or band. In most cases, the chemical or physi-
cal conclusions do not suffer further from this arbitrary char-
acter. However, introducing such an ad hoc trick for compar-
ing theoretical and experimental data is not scientifically
satisfactory.

Within the framework of one-photon absorption, a pro-
cedure already exists, that avoids introducing arbitrary val-
ues for comparing experimental and theoretical data. It sim-
ply consists in integrating the absorption rays or bands
instead of fitting them with arbitrary Lorentzian or Gaussian

shapes.21 In this paper, we propose a similar approach de-
voted to two-photon absorption. For that purpose, we define
a new object: the two-photon absorption strength. This is an
equivalent of the oscillator strength, but for two-photon ab-
sorption. The advantages of this new tool are then high-
lighted through the example of the bifluorene molecule.

II. BASIC KNOWLEDGE

Concerning nonlinear optics, many different conventions
and notations are found in the literature. These variations
mainly affect the prefactors which appear in expressions of
hyperpolarizability tensors elements. This is not problematic
as far as no quantitative analysis is required. In this paper,
however, we explicitly link theoretical and experimental data
and no uncertainity about these prefactors is acceptable.
Therefore, the conventions we use throughout this paper are
explicitly given in Appendices A–F.

This paper is restricted to electronic transitions, but the
theoretical tool hereafter defined can be used in other cases,
such as rotational or vibrational transitions for example. The
local field factor which appears in the following relations,
!nS

2+2" /3, may however require some modifications, de-
pending on the frequency range of interest.22–24

We here consider a material consisting in a single one-
photon transparent but two-photon absorbent molecular spe-
cies isotropically and homogeneously diluted in a transpar-
ent, homogeneous and isotropic matrices. The assumption
that the molecular species is one-photon transparent over the
spectral region of interest implies that !qm, !qn, and !qp !re-
lation 1" are negligable with respect to "!"qm, "!"qn, or
"!"qp in that region. This strongly simplify relation F1 and
leads to relation !1". In that expression, gq is the fraction of
molecules in state %q& at the moment of the experiment.a"Electronic mail: henry.chermette@univ-lyonl.fr
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III. INTEGRATION OF ABSORPTION BANDS

The natural width of each eigenstate of an isolated mol-
ecule is known to be small if compared to the energy differ-
ences between the low-lying eigenstates of this molecule.25

As a consequence, the two-photon absorption spectrum of a
homogeneous and isotropic gas of hypothetic akinetic iso-
lated molecules would consist in a set of well separated rays,
each one corresponding to a single rovibronic transition. On
the contrary, each electronic eigenstate of a condensed phase
molecule exhibits a huge density of rovibrational eigenstates.
The previously mentioned rays are then here strongly over-
lapping and the corresponding two-photon absorption spec-
trum now consists in wide absorption bands.

In the case of a one-photon absorption spectrum, some
molecular data can be extracted from such electronic absorp-
tion bands.26 The corresponding procedure requires both the
Born-Oppenheimer and the Franck-Condon approximations.
The refraction index of the transparent matrix is moreover
assumed uniform over the whole absorption band. It is then
shown that the transition frequency !here "qn" is approxi-
mately equal to the frequency corresponding to the largest
absorption over the band and the electronic part of the tran-
sition electric dipole moment is obtained thanks to relation
!2". In this relation, NA is the Avogadro number and &!"" is
the absorption coefficient.

%!qn% = * 3%c&0nS loge!10"
NA)

' 3

nS
2 + 2

(2+
"qn

&!""
"

d",1/2

!2"

The molecular data which are obtained thanks to the
previously described method are close to, but not exactly
equal to the data related to the electronic parts of the wave
functions describing the system. This proximity depends of
course on both the molecular system and the experiment.26

The same approximations are here applied within the
framework of two-photon absorption. First, the Born-
Oppenheimer approximation is used. This leads to the split-
ting of each molecular eigenstate, %m&, into an electronic part,
%melec&, and a rovibrational part, %mrot ,mvib&, such that %m&
= %mrot ,mvib& ! %melec&. Second, the Franck-Condon approxi-
mation is applied. It assumes that the electronic part of each
transition electric dipole moment is uniform over all molecu-
lar conformations for which the product of the initial and
final rovibrational wave functions involved in the transition
is significant.

Because energy differences are present at the denomina-
tor of expression !1", the Born-Oppenheimer and the Franck-
Condon approximations are not sufficient for completely
simplifying expression !1". The tight-band approximation is
then added. It assumes that, for a single electronic transition
%qelec&! %nelec&, the energy differences between the rovibronic
eigenstates which mainly contribute to the electronic transi-
tion are equal to each other. Relation !3" is then obtained. In
that expression, the “elec” index is omitted and q, n, p, and
m directly refer to electronic eigenstates. The left hand side
member of this relation is purely experimental and its right
hand side member is purely theoretical.
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IV. DEFINITION OF THE TWO-PHOTON ABSORPTION
STRENGTH

To the left hand side member of relation !3" is obviously
associated an unit. The standard international one for this
object is s m4 and a typical value for usual molecules is
10!56 s m4. Within the framework of one-photon absorption,
the oscillator strength is usually used for comparing theoret-

ical and experimental data. Its main advantages are precisely
to be unit free and to take values around unity for usual
molecules, i.e., values which are easily readable and under-
standable. We propose here to define an equivalent to this
oscillator strength in the framework of two-photon absorp-
tion.

The reference system used for defining oscillator
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strengths is however not suitable for two-photon absorptions.
In the case of this electron in a three-dimension harmonic
potential, each allowed two-photon transition is indeed asso-
ciated to an allowed one-photon transition with the same
photonic energy. This puts this reference system outside the
approximations we made, i.e., that the two-photon absorption
occurs in a region where the system is linearly transparent.

We then propose to choose as a reference a hypothetic
minimal quantum system in which all characteristic values
are equal to standard atomic units. We consider a quantum
system consisting of two eigenstates, %0& and %1&, with ener-
gies E0 and E1. It is assumed that E1!E0=meqe

4 / !4)&0%"2

!1 hartree" and that -0%$%1&= -1%$̄%1&=qe(4)&0%2 / !meqe
2"

!electronic charge(Bohr radius"; me being the electronic
mass and qe the electronic charge. For such a system, the

right hand side member of relation !3" is equal to 4$0)2%9

!4)&0"5 / !5me
5qe

8" whose approximated value is 1.002 19
(10!60 s m4.

We then define the two-photon absorption strength, fqn
TPA,

associated to the transition %q&! %n& of a given quantum sys-
tem, as the right hand side member of relation !3", which is
purely theoretical, divided by the value obtained for the pre-
viously described reference system #the one-photon absorp-
tion strength, fOPA, can also be defined using this reference
system instead of the three-dimensional harmonic oscillator;
its definition only differs by a factor of 3 /2 from that of the
oscillator strength: fqn

OPA=me"qn!qn
2 / !qe

2%"$. This leads to
definition !4". Note that this new tool has not been called
“two-photon oscillator strength,” because the reference sys-
tem we use is not the harmonic oscillator.
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The link between experimental and theoretical data is
then expressed by relation !5".
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It has to be underlined that the two-photon absorption
strength has been here defined within the framework of elec-
tronic transitions. It is, however, a pure theoretical object and
can be calculated for any quantum system and any kind of
two-photon transition, as far as the two-photon absorption of
interest remains far from any one-photon absorption.

V. APPLICATION TO THE BIFLUORENE MOLECULE

The one- and two-photon absorption spectra of the
2 ,2!-bi!9,9-dihexylfluorene" molecule in chloroform #n
=1.4459 at 20 °C !Ref. 26"$ have been published
previously.20 The lowest two-photon absorption of this mol-
ecule is located around 19 000 cm!1. It occurs in a region
where the molecule is linearly transparent, since the first one-
photon absorption occurs near 30 000 cm!1. The experimen-
tal value of the two-photon absorption strength is then ob-
tained thanks to relation !5". We here chose to perform the
integration thanks to a single Gaussian fitting function !cen-
ter: 18 800 cm!1, height: 0.55(10!56 s m4, half-height
width: 2000 cm!1". The transition wave number is then
found equal to 18 800 cm!1 and the two-photon absorption
strength equal to 751. It can here be seen that, on the con-
trary of the oscillator strength, the two-photon absorption

strength does not exhibit a near unity numerical value. This
value remains however quite appealing, which is exactly the
expected result.

The transition energy of interest and the corresponding
two-photon absorption strength can also be theoretically cal-
culated. This is here achieved, on one hand, thanks to a gas
phase CNDO/S calculation28 performed using the optimized
AM1 geometry29,30 of the 2 ,2!-bifluorene molecule, as pre-
viously described by Andraud et al.15 and, on the other hand,
thanks to the gas phase CIS/3-21G calculation performed
using the HF/3-21G optimized geometry of the same
molecule.31 100 electronic excited states are used for the
calculation of the two-photon absorption strength using
CNDO/S data !the value is converged ±1% after 55 states".
The transition wave number is then found equal to
20 271 cm!1 and the two-photon absorption strength equal to
3090. Concerning CIS data, 20 excited states are used !the
value is converged ±1% after 16 states". The transition wave
number is then found equal to 31 766 cm!1 and the two-
photon absorption strength equal to 8000.

The quality of the modeling can now be tested by a
direct comparison of the theoretical values to the experimen-
tal ones. No continuous absorption spectrum has here to be
modeled and, in particular, no arbitrary band width has to be
introduced. In this particular example, AM1+CNDO/S cal-
culations are found to give results closer to experimental
ones than HF+CIS/3-21G. However, drawing more general
conclusions about the intrinsic quality of the modeling re-
quires complementary investigations, which are out of the
scope of this paper.
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VI. CONCLUSION

As a conclusion, a new theoretical tool, the two-photon
absorption strength, has been defined. Its purpose is, first, to
allow a direct comparison of theoretical and experimental
data within the framework of two-photon absorption without
recurring to arbitrary bandwidths. Second, it allows the
quantification of the two-photon absorption abilities of mo-
lecular species and is unitless, which make it quite appealing.

The two-photon absorption strength is a purely theoreti-
cal object and is then independent on any experiment. It can
be calculated for any quantum system, as far as the two-
photon transition of interest remains far from any one-photon
absorption. And this is true whatever the nature of the tran-
sition: electronic, vibrational, rotational, etc.

The two-photon absorption strength is designed for com-
paring theoretical and experimental data but the relevance of
its usage for that purpose depends of course on the nature of
the quantum system of interest: linear transparency, overlap
of absorption bands, etc. The validity of the required ap-
proximations should then be systematically tested before any
chemical or physical conclusion is drawn.

It has also to be emphasized that, in the present work, we
do not derive for the two-photon absorption strength any sum
rule equivalent to the well-known Thomas-Reiche-Kuhn sum
rule,32–35 which is only valid for the !one photon" oscillator
strength.36

Finally, it has to be noticed that the derivations which are
performed here in the framework of one- and two-photon
absorptions are generalizable to other multiphoton absorp-
tion processes. Three-photon and further absorption
strengths, f3PA, f4PA, . . ., etc, can indeed be defined with ex-
pressions similar to !4", using the same approximations and
the same two-level reference system.
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APPENDIX A: TWO-PHOTON ABSORPTION CROSS
SECTION

The two-absorption cross section is an experimental
data. It is defined in the particular case of a sample, consist-
ing in a single two-photon absorbent molecular species ho-
mogeneously and isotropically spread within a transparent,
homogeneous, and isotropic matrix, crossed by a monochro-
matic one-directional light beam whose intensity is described
by the phenomenological relation !A1". In that relation "
represents the frequency associated to the light beam and z a
coordinate along the propagation axis !", here called fre-
quency, is such that the energy of the corresponding photon
is equal to %"; it is different from *, which is usually also
called frequency and which is such that the energy of the
corresponding photon is equal to h*".

dI!",z"
dz

= ! )
p=1

+'

ap!""#I!",z"$p. !A1"

Assuming that the only origin of a2 is two-photon ab-
sorption, then the two-photon absorption cross section is de-
fined by relation !A2". In that expression, N represents the
molecular concentration, and % represents the reduced
Planck constant.

#TPA!"" =
a2!""%"

N
. !A2"

APPENDIX B: FOURIER COMPONENTS

Each real vectorial field X!r , t" is considered through its
Fourier components x!r ,"" as defined by relations !B1" and
!B2". This concerns, in particular, the electric field !X=E"
and the polarization !X= P".

X!r,t" =
x0!r"

2
+

1
2 )

"#0
x"!r"e!i"t, !B1"

x!"!r" = #x"!r"$*. !B2"

APPENDIX C: MESOSCOPIC POLARIZABILITY
TENSORS

The instantaneous mesoscopic polarization of a material,
P, depends on the mesoscopic electric field, E, via the me-
soscopic polarizability tensors, +!1", +!2", and +!3", thanks to
relations !C1"–!C4".

p"#
= p̄"#

!1" + p̄"#

!2" + p̄"#

!3" + ¯ , !C1"

p̄"#

!1" = +!1"!! "#;"#"e"#
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1
3! )
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,!"#,"1 + "2 + "3"+!3"

(!! "#;"1,"2,"3":e"3
e"2

e"1
. !C4"

APPENDIX D: MOLECULAR POLARIZABILITY
TENSORS

A quantum system is characterized by its eigenstates %m&
with the energies Em and the half-life times -m. Orr and
Ward36 have shown that the polarizability tensor elements
associated to this quantum system have the expressions !D1"
and !D2". In those expressions, !m is equal to 2) /-m, !mn is
equal to !n!!m, "mn is equal to !En!Em" /%, .mn="mn
! i!mn /2, %q& represents the current state of the molecular
system, !̄=!! -q%!%q& and I"1,"2,"3

j,k,l represents the average
operator over all simultaneous permutations of indexes and
exponents. It has to be noticed that those relations slightly
differ from the original article37 because of the chosen con-
ventions in the definitions of Fourier components.
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APPENDIX E: WEAKLY ABSORBENT HOMOGENEOUS
AND ISOTROPIC MATERIAL

In the case of a one-photon transparent but weakly two-
photon absorbent homogeneous and isotropic material, rela-
tions !E1" and !E2" are verified.38 In those relations, c rep-
resents the speed of light, &0 the vacuum permitivity, $0 the
vacuum susceptibility, and n!"" is the refraction index of the
material.

n!"" =11 + Re'+11
!1"!! ";""

&0
( , !E1"

#TPA!"" =
$0%"2

N&0#n!""$2 Im#+1111
!3" !! ";! ",",""$ . !E2"

APPENDIX F: LOCAL FIELD APPROXIMATION

Within the framework of the local field approximation,
in the particular case of a weakly concentrated one-photon
transparent but two-photon absorbent molecular compound
homogeneously and isotropically spread in a homogeneous
and isotropic transparent matrices, the mesoscopic polariz-
ability tensors depend on the molecular polarizability tensors
in such a way that relation !F1" is verified.38 In that expres-
sion, ns!"" represents the refraction index of the transparent
matrix.
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